This article presents an analytical solution of the effective index of the fundamental waveguide mode of 1D metallo-dielectric grating for Transverse Magnetic (TM) polarization. In contrast to the existing numerical solution involving transcendental equation, it is shown that the square of the effective index (n Ef f ) of the fundamental waveguide mode of 1D grating is inversely proportional to the slit width (w) and the refractive index (n m ) of the ridge material and varies linearly with the incident wavelength (λ). Further, it has also been demonstrated that the dependence of n Ef f on the grating period (P ) and the incidence angle (θ) is minimal. Agreement between the results obtained using the solution presented in this article and published data is excellent.
Introduction
With the advances in nano and micro fabrication technologies, sub-wavelength structures are now readily achievable [1, 2] . Due to their high brightness in resonance, recently 1D metallo-dielectric grating structures with sub-wavelength slits (w < λ, see Fig. 1 ) have been proposed as useful in flat panel displays, Scanning Near-field Optical Microscopy (SNOM), opto-electronic devices, photo-lithography and tunable optical filter [1] [2] [3] [4] .
High brightness or resonance in 1D grating can be explained using two different theories [5] .
In the regime λ ≈ P , where λ is the wavelength of the incident light and P is the period of the grating, coupling between surface plasmon polariton (SPP) of opposite faces of 1D grating is responsible for enhanced transmission [5] , whereas for thick enough grating and λ >> P , resonance coupling between a diffraction order and a waveguide mode plays a major role in the extraordinary transmission through 1D metallo-dielectric grating structures [5, 6] .
In the latter case, depending upon the incident wavelength, slit width w and period P , different waveguide modes, both propagating and evanescent, are excited inside the slits [7] .
Propagating modes transfer incident energy from one side of the grating to the other and redistribute the transferred energy among the diffraction orders [8] . As the slit width w decreases, more and more modes become evanescent and a very few propagating modes survive [8] . In particular, when w becomes smaller than λ/(2n d ), where n d is the refractive index of the slit/groove, only the fundamental mode propagates and most of the transmitted energy is carried out by this mode [1, 2, 5, 9] . Considering this phenomenon Lalanne et al. have developed an analytical model of transmission through 1D grating for TM polarization [1] .
This model can accurately predict resonance wavelengths and their diffraction efficiencies [6] .
Finding transmission efficiency using this model requires effective index of the fundamental mode, which is defined as n Ef f = k z /k 0 , where k z and k 0 are the z-component of the wave vector of the fundamental waveguide mode and the wave number of the free space incident electromagnetic illumination respectively [2] . This model also depends on the grating parameters i.e. w, P and h, where h is the thickness of the gratings. Similarly, Porto et al. [5] and Garcia-Vidal et al. [10] have developed models of transmission through 1D gratings by considering only the fundamental mode and their results agree closely with those of Lalanne et al. [1] . Profile of the fundamental mode and x− and z− components of its wave vector (k x and k z , see Fig. 1 ) as well as those of other modes can be determined numerically by solving transcendental modal equation proposed by Sheng et al. in 1982 [7] . This method is known as modal analysis and its solutions, also known as eigenmodes, correspond to various modes of the waveguide structure. Overall this method provides exact description of the modes [8, 11] and is becoming popular [12] [13] [14] [15] due to its phenomenological interpretation of the wave propagation via grating structure. Despite this, the method is still a numerical technique and, as inherent to numerical techniques, is devoid of physical insights i.e. can not provide a direct relationship (such as n 2 Ef f varies inversely with w) among n Ef f , w, P , λ, θ (incidence angle) and n m (refractive index of the ridge metal) and hence the physics behind the wave propagation via 1D gratings is not well understood. Also, finding a solution of the transcendental equation requires searching inside the variable domains [15] and is computationally demanding [11] .
In contrast to the existing numerical solution, in this article we attempt to provide an explicit relation involving n Ef f , w, P , n m , θ and λ. This direct relationship between n Ef f and the grating parameters provides a vivid explanation of the physics behind the wave propagation via 1D grating structures. To the best our knowledge, this kind of analytical model relating n Ef f and the grating parameters is nonexistent in the literature for 1D waveguide structures even though such a relationship exists for 2D waveguides [16] . Further, as with analytical solutions, finding n Ef f using the method presented here is easy and does not require searching inside the variable domains and consequently it is computationally much less demanding. Also, results obtained using our model agree very closely to those of the exact numerical calculation. In the process of deriving our main result, we assume w < λ/(2n d ).
Analytical model
Let us consider a TM polarized electromagnetic wave H y = exp (ik 0 (sin θx − cos θz)) * exp (−iωt) is incident upon the metallo-dielectric grating of x− and z− components of wave vectors corresponding to different waveguide modes can be obtained by solving transcendental Eq. (1) [7] .
where
Ef f are the x− components of a waveguide mode in the slit/groove and ridge material respectively. r = (P − w)/P , f = 1 − r = w/P , 2).
Ef f | and |ǫ m ρ 2 | >> 1, the first factor of the 3 rd term of Eq. (2) can be written as
Based upon this Eq. (2) can be written as Eq. (3).
where p = 2πρw/λ and q = 2πn m (P − w)/λ. Expanding sin p and cos p into Taylor series, Eq. (3) can be expressed as Eq. (4).
In the typical operating conditions where only the fundamental mode survives such as [15] , |q| becomes greater than 1 and |p| is less than unity. In this case any power of p above 4 in Eq. (4) can be neglected. After some simple algebraic manipulations, one can write Eq. (4) as Eq. (5).
where A = (
be easily solved using the standard algebra and the solutions are given in Eq. (6).
. sin q and cos q can be expanded as sin {k 0 (P − w)η} * cosh {k 0 (P − w)κ} + i cos {k 0 (P − w)η} sinh {k 0 (P − w)κ} and cos {k 0 (P − w)η} *
In this case, sin q and cos q can be written as -
respectively. After some simple manipulation one can find Eq. (7).
Given that cosh {k 0 (P − w)κ} >> 1 and | πw πw+iλη | < 1, the term under the square root in Eq. (7) can be expanded into binomial series. Neglecting terms of the expansion with power two or more, Eq. (7) can be expressed as Eq. (8).
Provided that Re(n Ef f ) ≥ 1, the solution corresponding to the fundamental mode can be written as Eq. (9).
Considering 0 < | iπw λnm | < 1 and expanding the denominators of the 2 nd and 3 rd terms of Eq.
(9) into binomial series of iπw λnm and keeping only the first and second power of w and n m of the expansion respectively, one can represent Eq. (9) as Eq. (10).
Results and discussions
The real component of n Ef f corresponding to the fundamental mode obtained from Eq. (10) is plotted in Fig. 2 for n d = 1, θ = 0 o , P = 900 nm and λ = 1433 nm for silver grating as a function of slit width w. Grating parameters used in this example have been taken from Astilean et al. [2] , where the authors show how the effective index of the fundamental mode evolves as the slit width of the grating changes. For the purpose of comparison Re(n Ef f ) from
Ref. [2] has also been included in Fig. 2 . One can see that there is an excellent agreement between our results and those from Ref. [2] . It is also evident that as w increases, Re(n Ef f ) decreases or there is an inverse relationship between Re(n Ef f ) and w. To confirm this let us look more closely at Eq. (10). Upon consideration one can find that the contribution from the 3 rd term in Eq. (10) toward n 2 Ef f and hence toward Re(n Ef f ) is very negligible since cosh {k 0 (P − w)κ} >> 1, | exp{ik 0 (P −w)η}| ≤ 1 and | cos (k 0 P sin θ)| ≤ 1. Considering this one can rewrite Eq. (10) as Eq. (11) from which it is understandable that for fixed P , n m , λ and θ, n 2 Ef f and therefore n Ef f vary inversely with w. At this point we quickly mention that this kind of physical insight is not understandable from the existing numerical solution. 
Moreover to verify that n 2 Ef f varies inversely with n m , in Fig. 4 we have plotted both Re(n Ef f ) and Im(n Ef f ) as a function of the refractive index of the ridge material using the exact transcendental Eq. (1) and Eq. (12) . This is equivalent to considering various ridge materials while keeping geometrical grating parameters i.e. w, P and h intact. Grating parameters have been taken from [17] , where designing 1D grating for extraordinary optical transmission is considered using the numerical optimization technique. From Fig. 4 , one can see that there is an excellent agreement between the exact method and the simple analytical method we have presented above. It is also noticeable that as Im(n m ) increases, To complete the investigation of the dependence of n Ef f on the grating parameters, let us consider the impact of the two remaining parameters, namely the grating period and the incidence angle on n Ef f . According to Eq. (12), n upon these two parameters. However, if one considers Eq. (10), then it is found that the dependence of n 2 Ef f on P and θ is very weak. To confirm this we have plotted n Ef f as a function of P and θ in Fig. 6 (a) and (b) respectively. In both cases there is a very good qualitative agreement between the exact result obtained by numerically solving Eq. (1) and the calculation performed using Eq. (10). It can be observed that the dependence of n Ef f on P and θ is very minimal. In particular, the difference between Re(n Ef f ) corresponding to the two extreme incidence angles (θ = 0 o and θ = 90 o ) is approximately 0.076%. This is due to the fact that the denominator of the 3 rd term of Eq. (10) is much larger than the θ dependent cos (k 0 P sin θ) (varies between −1 and +1) in the numerator. Consequently, a relatively small variation in cos (k 0 P sin θ) caused by the variation in θ does not resonate a significant change in n Ef f . On the other hand, the dependence of n Ef f on P is discernable up to a certain value of the grating period, beyond that it becomes independent of P. This behavior of n Ef f in regards to P can be explained by considering Eq. (10) again. For a fixed w, n m and θ, cosh {k 0 (P − w)κ} is a real number and is greater than 1. As P and hence (P − w) increases, the denominator of Eq. (10) gets bigger and bigger. When the value of cosh {k 0 (P − w)κ} is relatively small, the contribution from the 3 rd of Eq. (10) towards n 2 Ef f is appreciable but when it becomes immensely large, the 3 rd term from Eq. (10) can be completely ignored and n 2 Ef f becomes independent of P and approaches the value predicted by Eq. (12) . In general, it can be concluded that if 2π(P − w)κ > 10λ then n Ef f does not depend on P significantly. Further, considering the above discussion, one can conclude that the analytical model presented in Eq. (12) for the fundamental mode of 1D grating structure is a very good representation of the exact solution and captures all the physics of the fundamental mode propagation via 1D grating structure. Another interesting point that can observed from Eq. (12) is that, unlike the 2D structures such as the rectangular waveguides [16] , 1D waveguide has no cutoff wavelength above which all modes including the fundamental waveguide mode are non-propagating. Additionally, to show that the analytical solution of n Ef f presented in this article is suitable for different ridge materials, incidence angles and geometrical grating parameters, we present more data from the literature and compare them with the data generated using the model presented in Eq. (12) . In this regard, we consider data from Ref. [15] where the authors consider aluminum gratings, from Ref. [2] where silver grating is investigated and from
Ref. [14] in which loss less metals are considered. Comparative results are presented in Table 1 . In all cases, irrespective of ridge materials and incidence angles, the agreement between the current results and those from the literature is good. We present one more example from Ref. [6] where the authors show the negative roles of SPP on EOT for the case of 1D transmission grating for the TM case. In their analysis the authors find the optical transmission of the zeroth diffraction order via 1D grating by using a one-mode (fundamental mode) model of optical transmission [1] . In this model effective index of the fundamental mode is necessary and is determined by the method of line [1] . As per the authors analysis, three different transmission peaks appear at 3.58 µm, 4.9 µm and 9.5 µm corresponding to a gold grating with w = 0.50 µm, h = 4.00 µm, P = 3.50 µm, n d = 1 and θ = 0 o . For the purpose of comparison we have plotted the zeroth order transmission efficiency using the same set up of Ref. [6] except n Ef f which we have determined using the solution developed in this article (Eq. (12)). From Fig. 7 it can be seen that there are three extraordinary optical transmission peaks at 3.57 µm, 4.9 µm and 9.56 µm. Upon comparison with the data from Ref. [6] , one can find that the agreement between the data generated using our analytical solution and those by calculating n Ef f numerically is very good. Table 1 . Effective index corresponding to the fundamental mode with n d = 1.
λ, w and P are given in nm Finally, we stress that the accuracy of the solution of the fundamental mode presented above significantly depends on the validity of the assumption |n 2 Ef f | << |ǫ| and whenever this condition is not satisfied there will be a mismatch between the n Ef f 's calculated by Eq.
(1) and Eq. (12) . It is also important to mention that retaining higher powers of p in Eq.
(5) does not significantly improve the accuracy of n Ef f but increases processing difficulties o [6] . n m is that of gold [18] . Transmission efficiency is based on the model of Ref. [1, 6] where n Ef f is needed to complete the calculation. In Ref. [6] n Ef f has been found using a technique called method of line while in plotting this graph we have used Eq. (12) . and overall n Ef f becomes an obscure function of w, P , θ, λ and n m . Lastly, even though we have not considered other grating modes explicitly, conclusions similar to those of the fundamental mode may be applicable to them.
Conclusion
In conclusion, we have provided a simple analytical solution of the effective index of the fundamental waveguide mode of 1D grating structure for TM polarization. It has been shown that the square of the effective index of the fundamental waveguide mode is inversely proportional to the slit width and the refractive index of the ridge material. Dependence of n Ef f on the grating period and the incidence angle is negligible. The solution provided in this work is very easy to compute and produces results that match closely to those of the exact method. We have also demonstrated that irrespective of the grating materials, incidence angles and incidence wavelength, the analytical solution presented in this article provides reliable results.
